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BORDERLINE WEIGHTED ESTIMATES FOR COMMUTATORS OF 

SINGULAR INTEGRALS 


CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS 

Abstract. In this paper we establish the following estimate 

w({x € R" : \[b,T)f(x)\ > A}) < f $ (\\b\\ B MO ^ M L ^ ogL y+ew{x)dx 

£ jR n \ A / 

where w > 0, 0 < e < 1 and 4>(i) = i(l + log + (t)). This inequality relies upon the following 
sharp L p estimate 

1 

\\[b,T]f\\ L P( w ) <Ct(p') 2 P 2 ) WHbMO \\f\\LP(M L{lo%L) 2 p - 1 + 5 w) 

where l<p<oo,w>0 and 0 < <5 < 1. As a consequence we recover the following estimate 
essentially contained in [18]: 

w({a:eM ra : \[b,T]f(x)\ > \}) < c T [w] Aoo (l+ \og + [w] Aoo ) 2 J ^ (^\b\\ B MO^j^j Mw(x)dx 

We also obtain the analogue estimates for symbol-multilinear commutators for a wider 
class of symbols. 


1. Introduction 

Motivated by a classical inequality due to C. Fefferman and E. Stein for the Hardy- 
Littlewood maximal function, namely 

||Af/||x,i.~(tt,) <c[ \f\Mwdx 

Jr 

where M denotes the Hardy-Littlewood maximal operator and w is a weight, i.e. a locally 
non negative integrable function, B. Muckenhoupt and R. Wheeden conjectured that 

\\Hf\\ L i'°°(w) < c f \f\Mwdx 
Jr™ 

where H is the Hilbert transform. This conjecture was recently disproved by M. C. Reguera 
and C. Thiele [26] (see also [4] for the result in higher dimensions). The failure of this 
conjecture was suggested by the first author in [20] where the following positive result was 
obtained 

(1) \\Tf\\ L i'°°(w) < c e ,T f \f\M L (i og Ly{w)dx w>0, 

Jr™ 

where T is a Calderon-Zygmund operator (CZO). In the recent work [10], T. Hytonen and 
the first author improved the control on the c E: t constant and were able to consider the 
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maximal singular operator T* obtaining the following estimate (see [6] for an improvement 
of this result) 


(2) ||T , */|| i , i ,oo (w ) < — f \f(x)\M L ( losL y(w)(x)dx w> 0 

£ JR" 

which implies 

(3) \\T*f\\ L i,oo {w) < op log(e+ [w]aJ [ \f\Mwdx, 

J i" 

when w G Aqq. This result improves the main theorem from [15], namely 


( 4 ) 


^' ||L 1 (w)—^T [m]A i 1o§ T [hi]Aoo) • 


It seemed that the logarithmic factor was superfluous and that it could be removed. However, 
this is not the case by a very impressive negative result obtained by F. Nazarov, A. Reznikov, 
V. Vasyunin and A. Volberg in [17]. In this work the authors disprove the so called A\ 
conjecture, namely they prove 


II H \ \ l 1 (w)—>L 1 ’ 00 (w) 

sup -p~ j-— 

wgAi [ w Mi 


= oo 


where H is the classical Hilbert transform. Furthermore, the same conclusion holds if the 
linear constant [w\a 1 is replaced by [tu]^ log(e + [ vo\a 1 )°' for a positive a < 4. This is 
indicating that most probably (4) is fully optimal. 

The main purpose of this paper is to prove estimates similar to (2) for commutators of 
CZOs T with BMO functions b, usually called the symbol. These operators are defined 
formally by the expression 

[b,T]f = bT(f)-T(bf), 

These commutators were introduced by Coifman, Rochberg and Weiss in [3] in connection 
with the classical factorization theorem for Hardy spaces. However, many other applica¬ 
tions were found much later, specially in the theory of elliptic operators [13], [2], Another 
interesting aspect of the theory is its connection with the following nonlinear commutators 
introduced by R. Rochberg and G. Weiss in [27]: 


f N f = T(f log |/|) -Tf log \Tf\. 


This operator is interesting due to its relationship with the Jacobian mapping and with 
nonlinear P.D.E. as shown in [12] and [8]. 

The main result from |3] states that [b, T] is a bounded operator on L p (M n ), 1 < p < oo, 
when b is a BMO function and T is a singular integral operator. In fact, the BMO condition 
of b is also a necessary condition for the L p -boundedness of the commutator when T is the 
Hilbert transform. 

From the theoretical point of view, these commutators are of interest because they are more 
singular than CZOs. For instance, the first author proved in [21] that these commutators 
are not of weak type (1,1) obtaining a suitable replacement, namely the following LlogL 
endpoint estimate: 

w({xeR n : \[b,T] f(x)\ > A}) < c J ^ (^-\\b\\ B MO^ wdx 

where <P(f) — t ( 1 + log + (f)), w G Ai and the constant c depends upon the Ai constant of 
the weight. The approach to prove this result was based on an appropriate non-standard 
good-A inequality using the Fefferman-Stein “sharp” maximal function. However, this method 
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does not produce good results for further developments and in particular when considering 
non-Aloe weights. 

Later on, the first author together with G. Pradolini ([23]) established the following esti¬ 
mate for arbitrary weights w > 0, 

w({x G M n : \[b,T]f(x)\ > A}) < c T , E J $ ^-y-||6|| bmo^J m l(i os L j 1 +* wdx 

for any £ > 0. The aim of this paper is to give a quantitative version of this estimate with a 
good control on the constant CV )£ in terms of e. In the simplest situation our estimate can 
be stated as follows 

(5) w{{xeR n : \[b,T]f(x)\>X})<^J^ $ (^\\b\\ BM o^ M L{logL) i+ewdx. 

See Theorem 2 for the general situation. In fact, we will obtain a wider class of results 
since we will be considering symbol-multilinear commutators with symbols in Osc exp L s classes 
which are subspaces of the BMO space (cf. Section 3.2). We will see that this choice of 
symbols will be reflected in the maximal operator on the right hand side of the inequality. 
As a consequence of these type of estimates we can recover, among other results, the following 
endpoint A\ result from C. Ortiz [18] (see Corollary 1): 

w({xeR n : \[b,T] f(x)\ > A}) < c T ${[w] Al ) 2 J $ (\\b\\ B MO w(x)dx. 

Estimate (5) should be compared with the case of CZOs (2). It is not clear whether is 
possible or not to establish (5) using techniques based on sparse operators as in [6]. Another 
open question is the analogue of the Muckenhoupt-Wheeden conjecture for the commutator, 
namely whether 

w({xeR n : \[b,T] f(x)\ > A}) < c w J $ M 2 (w)(x)dx. 

holds for every weight w or not. Techniques used in [26] and [4] rely upon an endpoint 
extrapolation result, firstly established in [5], or upon variations of it as in [6]. It is not clear 
how to perform a similar extrapolation from the LlogL estimate that commutators satisfy. 

This paper is organized as follows: Section 2 contains the statements of our main results 
and the proof of Corollary 1. Section 3 contains precise definitions and facts which will 
be used throughout the paper. In section 4 we give the proof of the strong type theorem, 
namely Theorem 1, and all the needed technical results. The proof of the endpoint estimate 
(Theorem 2) is presented in Section 5. 
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2. Main results 

To state our main results we need to introduce some notation. Let bi G Osc exp ^ s* > 1, 
i — 1, • • ■ ,k (cf. section 3.2 after Lemma 1) and T a CZO with associated kernel K. We 
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define the symbol-multilinear commutator with respect to the symbol b = (bi,... ,bk) as 
follows 

k 


T e m = I n (k 

J ^ n i=1 


» - b i(y)) K ix,y)f(y)dy 


We also denote 


and 


- = V- 

S “ Si 
1=1 


mi* 

i =1 


hi Osc expL si ' 


Our main results are the following. 

Theorem 1. Let be Tg defined as above and let w be a weight. Then 


\ T bf\\ L p(w) < c T {p'f +i P 1+1 ‘ — 1 


Wfh p (M (1+ l )v _ 1+s w) 

L(\ogLy L+ s)P i+d 


for every 5 G (0,1) and p G (1, oo). 

This result can be applied to derive the following endpoint estimate. 


Theorem 2. Let be Tg and w as above. Then 


w 


({xGl" : |Tg/| >A}) < 


c T 

rfc+i 




HT J M i(,„ gL) i*Mx)dx 


for every e G (0,1) where <h p (t) = t{ 1 + log + (t)) p , p > 0. 

There is an interesting application of Theorem 2 from which we can recover one of the 
main results of [18]. 

Corollary 1. Let T be a CZO and let b G BMO. 

(1) If w G Aoo then 


w{{xeR n : \[b 1 T]f{x)\> X}) <c[w] Aoo (l+log + [w) Aao y 

(2) If w G A\ then 

»({iGl" : \[b, T\f{x)\ > A}) 


<F 


| BMO' 


1 / 0*01 


Mw(x)dx , 


< c[w] Al [w] Aoa (l + log+MAoo) 2 / 

J K’ 

1/0*01 


<F 


|BMO^ ) W(x)dx 


A 


< c $([w} Al y 


$ 


| BMO' 


A 


w(x)dx 


where $(t) = t( 1 + log + 1). 

Proof. For the proof of the corollary we follow the arguments in [10]. First observe that for 
every a > 0 we have that logt < Then we can write 


log(t) 1+£ < 


a 


l+£ 


and hence 


AlL(logL) 1 + eW — ^ 1+£ M L l +a (l+e) ■ 
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Let us take a = ^ 1+g ^ . Then, using the reverse Holder inequality (Theorem 3), 

~^^L(logL) 1+e — [ c n[' u; ]A 0 o(l + e )] M L i+ a (i+ e ) W 


< [c n [w\ Aoo { 1 + e)] 1+£ Mw. 


If we choose e = - — we obtain the desired results just recalling that [w]^ < [ w \ Al - 

° S □ 

3. Preliminaries and notation 

In this section we gather some definitions and properties which will be used throughout 
the paper. 

3.1. A weights. We recall that a weight w belongs to the class A p , 1 < p < oo, if 


Ma p = sup 


w 


W P- 1 


P-1 


< oo. 


Q vlQI Jq J vIQI Jq 

A weight w belongs to the class Ai if there is a finite constant C such that 

1 [ 

—— / w(y) dy < Cinf w, 


\Q\ 


'Q 


Q 


and the inhmum of these constants C is called the A\ constant of w denoted by Since 

the A p classes are increasing with respect to p, the Aoo class of weights is defined in a natural 
way by A ^ = U p> i A p . These classes of weights were introduced by B. Muckenhoupt in [16] 
where it was shown that for 1 < p < oo 


w G A, 


M : L p (w ) —>• L p {w ) 


and also 


w G A M : L l (w) 


Loo, 


W 


From the definition of A 0Q it is not clear how to define an appropriate constant. However, 
Fujii proved essentially in [7] another characterization: 


w G A 


Maoo = sup —— / M{x Q w)dx < oo 
Q W \Q) Jq 


which was also rediscovered later on by Wilson in [29]. Recently, this quantity was defined 
as the A 00 constant in [9] since it was proved to be the most suitable one. In particular, the 
following optimal reverse Holder’s inequality obtained in [9] (see also [11] for a better proof 
and [28] for some other related results) was used in the proof of Corollary 1. 

Theorem 3. Let w G A^, then there exists a dimensional constant r n such that 


\Q\ 


w 


'Q 


W 2 f 

-W\J Q w - 


where 


r w = 1 + 


r n [w] Aa 
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3.2. Orlicz maximal functions. We recall that $ is a Young function if it is a continuous, 
nonnegative, strictly increasing and convex function defined on [0, oo) such that <3>(0) = 0 and 
linij^oo <h(f) = oo. We define the localized Luxembourg norm of a function / with respect to 
a Young function $ as follows 

ll/lko = ll/lkwe = inf | A > 0 : dx < 1 j 

which is equivalent to the following 

This result is due to Krasnosel’skii, M. A. and Rutickii, Ja. B. [14, p. 92] (see also [25, p. 
69]). In fact, 

1/11 $,<2 < 11/11 $,q < 2 II/II$,q 

which will be quite useful for our purposes. Observe that the case <E>(t) = t corresponds to the 
usual average and we can see these localized norms as a “different” way of taking averages. 
We can also define the maximal function associated to <!> as 

M$f(x) = sup ||/||$,q. 

x£Q 

Some useful examples that will be quite useful in the sequel are L log L functions 

$ p (t) = t( 1 + log + (t)) p with t > 0 
where log + (t) = X(i,oo)(£) log(t) and p > 0. For such $ we shall denote 

11/11 $,Q = II /11L/(log L) P ,Q- 

Another useful property that makes interesting these “non-standard averages” is the fol¬ 
lowing generalized Holder inequality. 

Lemma 1. Let <3>o, $ 1 , $ 2 ,..., be Young functions. If 

(6) 

then for all functions / 1 ,..., f m and all cubes Q we have that 

II/ 1/2 • • • /fc||$o,Q < fcK ll/l|l$i,dl/2||$2,Q • • • ll/fc||$jfe,Q- 
A particular case of interest, an especially in this paper, are the spaces defined by 

\\f\\osc expL s = sup 11 / - /q||$ s ,Q 
Q 

where 

v h s (f) = e ts — 1 t > 0, 

with s > 0, is a Young function. Then the space Osc exp is dehned as 

Osc expL s = {/ e F i 1 0 C (K n ) : \\f\\osc expLS < 00} . 

We observe that John-Nirenberg’s theorem yields BMO = Osc eKp j . It’s also clear that for 
every s > 1 

Osc exp ls C BMO. 

Now we state a result borrowed from [24] that will be used in the proof of Theorem 2. 
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Lemma 2. Let $ 0 ) • ••,$*; be continuous, nonnegative, strictly increasing functions on [0, oo) 
with $(0) = 0 and lirn^oo <f>(f) = oo such that 

tr'M'L'W... »*'(*)< «>o. 

then for all 0 < x\, x 2 , ■ ■ ■, x*, < oo 

$ 0 (xix 2 ...x k ) < $i(xi) + <£> 2 (x 2 ) H-f ^k(xk). 

To close this section we provide a proof of Lemma 1 and also a corollary of it that will be 
quite useful in the proof of Theorem 2. 


Proof. Fix (xi,..., Xk) and consider f 0 = ^i(xi) + $ 2 (^ 2 ) H— • + ^(x^). Combining (6) and 
the fact that each is increasing it readily follows that 


$r 


Oo )$2 Oo)---$fc (to) 


Kj 


<to 


and also that 


Then we have that 


(to) > = X i 


( 7 ) 




( —- $ l( X l) + $ 2 (^ 2 ) h-f $fc(x fc ) 


We observe that this argument gives us a proof of Lemma 2. Coming back to our proof, let 
us consider now t. t > ||/j||$.Q. We have that using 7, 


$r 


l/i-.-M 

hzt\ . . . th 

< - (A / fkil 


1 1 
m \Q\ 


' Q 


m \ IQI Jq V 1 1 


+ T^T / 


\Q\ 


'Q 


I h 

tk 


< 1 


Consequently 

Il/i • • • fk\\$ 0 ,Q A K,t\ . . . tk 

and it is enough to take the inhmum on each t. t to finish the proof of the lemma. □ 


As a particular case, the following corollary holds which will be used several times in this 
paper. 

^ 1 


Corollary 2. Let s 1; ..., Sk > 1 and denote JA =1 —. Then 

l/l •• • fkd\ 5; c s||/l | exp L s i ,Q ■ ■ ■ H/fc HexpLj? ,Q 11 ^ 11 ^ (l 0 g 77) Q 


1 

W\ 


'Q 


Proof. We denote <p v (t) = e 4 — 1. Then ip 1 (i) = log(x + 1)^ and we have that 


^(t)... rim?® ~ ^\t)... ip-Ht) 


X 


log (x + 1) 1 


< X 


and Lemma 1 gives the desired result. 


□ 
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3.3. Symbol-multilinear commutators. We recall that an operator T initially defined on 
the Schwartz spaces and taking values into the space of tempered distributions T : S(M, n ) —> 
S'(R n ) is a CZO if, 

(1) T is bounded on L 2 (R n ). 

(2) For each smooth and compactly supported function f,Tf admits the following rep¬ 
resentation 


Tf(x) 


K(x, y)f(y)dy x g supp / 


where K is a standard kernel. Recall that a kernel K : W l xl"\A —» R, where A is 
the diagonal in R n x R n , is a locally integrable function such that for some constants 
C\,C 2 ,7 > 0 the following conditions hold: 

(a) Size condition 


K{x,y) | < Ci 


1 

x — y\ n 


if x j- y. 


(b) Regularity condition 


I K(x,y) - K(x',y)\ + \K(y,x') - K(y,x)\ < C 2 


| ijJ | 'y 

x - y\ n +^ 


provided that \x — x'\ < \\x — y\. 

The symbol-multilinear commutator Tg with vector symbol b = (&i, • • • ,bk),bi G Osc exp L s i, i = 
1, • • • , k, and CZO T with kernel K is defined for smooth functions / as follows 


T t f{x) 


\ ( bi(x ) - bi(y)) K(x, y)f{y)dy 


1=1 


x qL supp /. 


Let b = {bi,b 2 , ■ ■ ■ ,bk} be a set of symbols with bi G Osc exp L s i,i = 1, • • • ,k. Also, let 
b = a U a' where a and o' are pairwise disjoint sets be a splitting of b. If we identify i and bi 
we can introduce the following notation 

00) - = n0*0) ~\) 

iClcj 

where A = (Ai, A 2 ,..., A*) and also to write JA go . —. 

By Cj(b ) we refer the family of all the subsets o of b such that ^<r = j. We shall also omit 
the set of symbols and write just Cj ; . Finally if 0 is a subset of b we write 

Taf(x)=l JJOiO) -bi{y))K(x,y)f(y)dy = f (b(x) - b(y)) ff K(x,y)f(y)dy x & supp f. 
iea J R n 

We end this section with some further notation. We write 

m = n imi°.c„ p „ 

biC:b 

and similarly 

1011 = n 10*11 ° SC exp£ s i • 
bi£a 

We will denote by #0 the cardinal of the set of symbols 0 . 
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3.4. Some estimates involving the sharp function. In this paper we will use two clas¬ 
sical operators and some of their variations. The first one is the Hardy-Littlewood maximal 
operator, 

Mf(x) = sup — [ \f(y)\dy, 
xGQ |h/| Jq 

where each Q is a cube with sides parallel to the axis. Also, M d will denote its dyadic 
version, where the supremum is taken over dyadic cubes. We will also use the following 
variants, M e (f) = M{\f\ £ ) i, and similarly for M d where e G (0, oo). The second operator is 
the Fefferman-Stein sharp maximal function, namely 

M^f(x) = sup f | f(y) - f Q | dy , 
xgq M Jq 

and its dyadic counterpart M“ ,d . Similarly as above we define the following useful variation 

M«(/) = M>(\f\ s )i 

with 5 G (0, oo). 

The first result that we state in this section is borrowed from [19]. 

Lemma 3. Let 0 < p < oo, 0 < 5 < 1 and let w G A^. Then 

Wfhnw) < cp[w] Aoo 

for any function f such that |{x : |/(x)| > f}| < oo for all t > 0. 

Using the preceding lemma and following the proof of Lemma 3.1 in [18] we can derive the 
following improvement. 

Lemma 4. Let 0 < p < oo, 0 < e < 1 and w G A^. Suppose that 

|{x : |/(x)| > t}\ < oo 
for all t > 0. Then there is a constant c = c U)£ such that 

\\ M ef\\ LHw ) ^ C P\ W W \\ M !' d f\\ L rW 

Proof. Applying previous lemma with S = e 0 and 0 < So < e < 1 

\\M?f\\ Lr(w) < cpMx„ || M>? (Mp) ||„ M . 

Now it suffices to prove that 

Mlf (Mis) (x) < cM*/S(x). 

But this was done in Lemma 3.1 of [18]. □ 

The reason why it is important to deal with Mj for small s will be clear after the following 
pointwise estimate proved in [24], 

Lemma 5. Let T g be the symbol-multilinear commutator defined above and let 0 < S < e < 1. 
Then there exists a constant c > 0, depending only on 5 and e such that 

Ml (T,S) (x) < Q,« ( l|6||M 1(logl) j(/) + f. E (\-,/) (x) 

\ 3 =1 aeCf 



for any bounded function f with compact support. 
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The first result, corresponding to the case k = 0, namely 
(8) Ml(Tf)(x) < c 8 Mf(x) 0 < 5 < 1 

can be found in [1] and the case k = 1 was established in [21], 


4. Proof of Theorem 1 

In this section we prove Theorem 1. The first two subsections will be devoted to the core 
of the proof for all the cases, namely k = 1 and k > 1. Both cases rely upon a two weight 
inequality that will be established in the third subsection. A careful control of some Young’s 
functions inverses will be required to obtain that two weight inequality. 

4.1. Case k — 1. 

Proof. In this proof we follow techniques in [15] and [18]. Let us call v — M / 1+1 \ _ 1+j w. 

Z/( 1 ohZ/A s ) p 


If k = Ct (p') 2 p 1+1 ° by duality, it suffices to show that 


{b,T]‘f 

< n 

/ 

V 

Lp'(v) 

W 


Lp' ( w ) 

Where [b, Tf is the adjoint of [b,T\. Calculating the norm by duality allows us to find a 
non-negative function h G L p (y ) with = 1 such that 


[b,TYf 


M7I 


Lp' (v) 


hvdx = / | [b, Tflf hdx = I. 


Let us consider the operator 


S(h) = 


M f hvp 


1 

VP 


We build the Rubio de Francia algorithm R using the operator S. 

p>( h \ _ 1 sk ( h ) 

WW o k II 911 

R satisfies the following properties: 

(1) 0 < h < R{h) 

(2) \\R(h)\\ LP ( v ) < 21|/i||z,p(i>) 

(3) R(h)vp e Ai and furthermore R{h)vp < cp'. 


J A, 


Using Lemma 4.2 in [10] 


Taking that into account 

[RhUa = 


V 2p 




Ai 


if l \ 1—<?1 


r 1 1 


r 1 1 

K(h)VP V pH-?) 

< 

R(h)vp 


V 2 P 

V / 

A, 


A\ 



Ai 


< c n p 
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Applying Lemma 3, with p — 1 , w — Rh and 7 G (0,1), together with [ RK\a x < [RH\a 3 < 
c n p', we have 


I < 


I [ 6 , T]*/| T/icfo 


Jr™ JR" 

Now we observe that [b, T]* = — [ 6 , T*]. Consequently, [ 6 , T ] 4 is a commutator and if we 
choose £ G (h, 1) in Lemma 5 we can continue with 


< c n p\\b\\ 0 s c, 


expL s 


M L (log L)if ( x ) Rh ( x ) dx + I M e (T*/) (x)Rh(x)dx 


— CnP'\\b\\ 0sCexvL s{Il + h) 

To estimate I\ we use Holder’s inequality and the second property of the operator R 


h — M 1 f(x)Rh(x)dx < 

Ln L(logT)^ V ) \ J - 


M rn 1 f{x) p 'v(x) 1 p 'dx 

L(log L) s J ' ' v ' 


Rh(x) p v(x)dx 


< 2 


M L{\ogL)hf 


Lp' (v) 


To bound I 2 we apply lemma 4 with w = Rh and p = 1 

h < Cnt-R^Aoo [ M^(T t f)(x)Rh(x)dx<c n p' f MffT* f)(x)Rh(x)dx. 

J il" 

Using now ( 8 ) for the adjoint of T, namely, M|(T*/) < c e M/, we have 

h < c v J [ MfRh. 

Jr" 

Proceeding now as we did for 7j we derive to 

A < c n p' 

Consequently 


Mf 


Lp'(v) 


h T]‘f 


< Cn(.P') 2 || 6 || 0 « 


L pf (v) 


and recalling that v = M g , n _ 

L(logL)v a ) P 

inequality, 


expL s 


M L(log L)s^ 


Lp' (u) 


1+5 


w, everything is reduced to establish the following 


(9) 


^L(\ogL)sf 


< C n p 


1 +f 


Lp' ( v) 


(p-1\7 

f 

V s ) 

w 


L pl ( w ) 


which will be proved in Lemma 6 below. This concludes the proof of the Theorem in the 
case k — 1 . 

□ 
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4.2. Case k > 1. 

Proof. Due to the homogeneity of the operator we may assume that 


II b 


111 Osc. 


expL ! 


ll^ll Osc expL s k 1 


Let us denote v = M 


to show that 


L(logL) 


M) 


i || ^2 \ \OsC expL s 2 

w. If k = c T (p') k+1 p 1+ ^ by duality, it suffices 


p—1+5 


Tif 

b J 

< K 

£ 

V 

LP'(y) 

W 


Lp' ( w ) 

where Ti is the adjoint of Xg. Using duality we can find a non-negative function h G L p (y ) 
with 11/i11 = 1 such that 

f m 


Tif 


hvdx = / \Tif\hdx = I. 


Lp' (v) 


As in the case k — 1 we use again Lemma 3 with p = 1, w = Rh and 7 G (0,1). Hence, since 
[Rh ] A oc < [Rh] M < c n p', we have 


/ < 


172/1 Rhdx 


<c n [Rh] Aoo M»(7f/) Rhdx < c n p' I M*(Tif)Rhdx 

J R™ Jm.™ 

Tif is a commutator so if we take £ G ( 7 ,1) Lemma 5 yields 
c n p' [ M\ (: Tif ) Rh(x)dx 

JR’ 

< c n p' 


M w„ gL) PM Rhd *+EE M - (A/) 


Rhdx 


3 =1 a&C) ' 

= C n p'(h + J 2 ) 

Now we have to estimate I\ and J 2 . For I\ we proceed as in the case k = 1 obtaining 


h<2 


^L(log L)lf 


Lp' (v) 


To estimate I 2 we need to control each term of the sum. To accomplish this we claim that 
for every e G (0,1): 


( 10 ) 

where 


M e (T^f) (x)Rh(x)dx < cT(#a')(p') 




M 




L(log L) 


, j _f{x)Rh{x)dx 


1 


J = 0 

r(j) = {2 j = i 

.2 + Et;(;)r(i) i > 1 

which will be proved by induction on the number of symbols of Tl, i.e., +cr'. For simplicity 
with the notation, we prove the claim for T-, instead of Tt. We can do this since both them 
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are commutators with the same number of symbols. Let us call m = . If the number of 

symbols is zero T-, = T and then combining Lemma 4 and ( 8 ) we obtain 

f M e (Tf) ( x)Rh(x)dx < cp' f Mf(x)Rh(x)dx 

J R" J R" 

since we assume ^ ig0 j- — 0. If rri — 1 , then Tp = [bi,T], Applying Lemma 4 with w = Rh, 
p = 1 we have that 

[ M e {[b 1 ,T\f){x)Rhdx<c n [Rh] A3 f M^([bi,T]f) Rhdx 
Jr it" 

< c n p f Ml([bi,T}f) Rhdx 

Jw 1 

Now, if we take 0 < e < e < 1, Lemma 5 produces the following bound of the last expression 

< cp' M j _f(x)Rh{x)dx + cp' / M £ {Tf(x))Rh(x)dx 

Jw 1 U lo gT) sl Jw 

< cp' [ M ±f(x)Rh(x)dx + c(p) 2 [ Mf{x)Rh{x)dx 

Jw L d°& L ) n Jw 

<2 c{p) 2 [ M i f(x)Rh{x)dx. 

Jw L (l°g L ) 1 

This proves claim (10) in the case m — 1. Let us suppose now that the result holds for 
0 < l < m symbols, namely, if 0 < < m, then for every e G (0,1) 

[ M e (Tff) (x) Rhdx < cT(JJt)( P ')* t+1 f M ^ ± f (x) Rhdx 

JW it" M lo gT) » 

Combining Lemma 4, with w = Rh and p — 1, and Lemma 5 we have for e < e < 1, 

[ M £ (Tjf) Rhdx 

J R" 

P m „ 

< cp' M y i fRhdx + ^~^ cp' / M £ (Tw f\ Rhdx 


3 = 

k 


< cp' M 

Jw L(logL) 


e , l f Rhdx + EE4 
i=i rec? ■ ,Rn 


/) Rhdx. 


Using now the induction hypothesis we continue with 

,, m r, 

< cp' M y i/h)HMi + y V r(#r')c(p') #T ' +1 
,v iOogi) *^ Si Jr 


1=1 reC" 


M y i fix) Rhdx 

L{logL)^ T ' s i 


< cp' M 

Jw L(\ogL) 


E (f; v r(#r') ] (p ') m+1 [ 

\j =i reC™ / ^ Rr 


M y i fix) Rhdx 

L(log L) 2 ^ i£a ' s i 


< (i + EE f (# t ') ) c(p ') t+1 f 

\ j=l reC™ J jRr 


M y ± fix) Rhdx. 

L(logL) 2j * 6cr s * 
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It’s easy to check that 

m 

i+EE r » T ') = r ( m > 

3=1 t£C™ 

Then the main claim (10) is proved in full generality. This yields, combining estimates 

h < C n ,k,5,s ( p') k+1 

Proceeding as we did for A we obtain the following estimate 


M i f(x)Rhdx. 

L(log L)~s J y ' 


h < Cn,5,e (p')^ +i 


^L(logL)i^ 


Lp'(v) 


Consequently 


Tif 


< C n ( p') k+1 


Lp'(v) 


^L( log 


Lp ' (v) 


This concludes the proof since by Lemma 6 

< cp 1+1 ‘ 


^L(logL)if 


Lp 1 (v) 


f P -i\y 

f 

V ) 

w 


Lp' (w ) 


that v = M /-.in ,, x w. 

L(log L)( 1+ * ) p_1+5 


□ 


4.3. A key two weight inequality. As we already mentioned, we prove the following 
lemma that was used several times during the proof of Theorem 1. 

Lemma 6. Let w > 0 be a weight. Let s > 1 and 0 < 6 < 1. Then for every p e (1, oo) we 
have that 


(ii) 


M Hlo t L)if 


< cp 


1+1 


Lp'(v) 


fp-l\p 

f 

l s ) 

w 


Lp 1 ( w) 


where v = M , i\ ,.,w. 

L(io g L)( 1+ °) p ~ 1+s 

The proof of this lemma will follow ideas from [22] . In particular, we are going to obtain 
a precise version of the two weight inequality that appears in the proof of Theorem 2 of that 
work. To do that we need precise estimates of the following inverse functions. 

Lemma 7. Let p > 0, A p (t) — t (l + log + (t)) P and X p (t) = t +(t )) p ' ^ en 


1 + P 


Proof. Observe that 


X P {A p {t)) = 


t < X p (A p (t )) < t. 


t(l + log + (t)Y 


(i + io g + (t(i + io g + (t)Y)) p 
The upper bound is straightforward since 

(1 + log + (t)) p < (1 + log + (t (1 + log + (t)) P )) P . 
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Now we prove the lower bound. It suffices to prove that 

_1 + log + (t) _ > 1 

1 + log + (t (l + log + (t)) P ) ~ 1 + P 

If 0 < t < 1 there’s nothing to prove since log + (t) = log + (t (l + log + (t)) P ) = 0. 
now that t > 1. Then we have that 

_1 + log + (t) __ 1 + log (t) 

1 + log + (t (l + log + ( t)) p ) 1 + log (t (1 + log (f)) p ) 

= _1 + log 0) _ > _1 + log (t) _ 

l + log(t) + plog(l + log(t)) “ l + log(i)+p(l + log(t)) 

1 

1 + P' 


Lemma 8. Let p > 1, A p (t ) = t (l + log + (t)) P and X p (t) = j - with 

( 1+log (t^j) 


Then 


Proof. Observe first that 


1--J t < A p{ x pif)) < i ( 1 + P 1 °g(p)) / 


/ 


A p (X p (t)) = t 


1 + log -1 


( i+i °s + (i)y 


\ 


V 


1 + log+ (i) 


= t$(ty 




We begin studying the lower bound. 

If t £ (0,1) then 

A p (x p (t)) = t$(ty = t 

and there’s nothing to prove. 

If t £ [1, t p ] then 

A p (X p (t)) = t$(t) p = t (l + log + ( t)) P > t 
Now if t > t a , it’s easy to check that —rrr > 1. Then 




A p (X„(t)) = t 


1 + log 




\ 


1 + lQ g (i 


Now we observe that 


1 + log ((i+iog^))") 1 + log (t) - p log (l + log ) 


Suppose 


□ 

t p = pP. 
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Let us choose t = e x and t p = e Xp . Then 


1 + 


A-plog (l + log(£) 

1 + lo S (A) 


= 1 + 


A p - plog(l + A - A p ) 


— 1 + 9 pity 


1 + A — A p 

Now we minimize g p { A). It’s easy to check that g p reaches its minimum when A = e + p + 

(e'Ef + A, - l) - “ P 

~P 1 


A p — 1. We observe that 


and since t p = p p 


9 P 


i+Ae 
e p 


i+Nl 
e p 


and we obtain the desired lower bound. To finish the proof we focus on the bound. If 
t e (0,1), then Ap(X p (t)) = t and there’s nothing to prove. If t G [1 ,t p \ then we have that 

Ap(X p (t)) = t( 1 + logt) p < t(l + logtp) p = t( 1 + p log p) p . 

Finally if t C (t p , oo) then it’s easy to check that 

Ap(X p (t)) < t(l + log {t p )) p . 

□ 

Finally, with the precise control of the inverses at our disposal we are ready to give the 
proof of lemma 6. 


Proof of Lemma 6. Proving (11) is equivalent to prove that 

i -p' 


M Uo gL i U*’'” 


M 


L(logL)( 1+ ^) P 1+5 


W 


<<?n[P 


(p_l 


i/p 


Using now the notation of Lemma 7, we can write Ai(t) = £(1 + log + £)s and X\ (t) = 

s s 

* x and we have that 

(l+log+t) s 

We observe now that 

Xi(t) = 


AT(t) > Xi (t) 


t 


1 

tP 


p—l+s 


1 I p— l+<5 


■tP (l + log + 1) p 


(l + log + t) s (l + log + t) 3 p 

* 1 (i (l + log + () 1+5<p,_1) ^ ^ ■ F 2 (t)p r 


(l + log+i)( 1+ -^ 1+i 
Using again the notation of Lemma 7, 

m = X(l+ - )p - 1+i(i) = (l + log + «)< 1+ ->’’” 1+S ' 
From that lemma it readily follows that 

(i+i) P -i+^ 

U(i) } > I /, . iT . r I ^( 1 I + i) p - 1+s ( J )'. 


(1 +j)P + i . 
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Analogously, following the notation of Lemma 8 

F 2 (t) = Ai + s(p>-i)(t) =t( 1 + log + t) 1+5(p '- 1} 
From that lemma it follows that 


F 2 {ty > 


e — 1 


l+f(p'-l) 


-^T+<5(p'-l) W 


Taking into account (4.3) and (4.3) we obtain the following estimate 

( 1 + l ) p ~ 1 +' 5 


i+g( P '-i) 


A k (t) (e') ? 1 + - p + 5 


> A , 1 .x (t)pX, , i Aty t > 0. 

— (i+i)p-i+a v ’ i+<5(p'—i)v > 

Using now generalized Holder inequality (Lemma 1) and taking into account that, since 
5 G ( 0 , 1 ), 

i+a(p'-i) ( 1 +i)p - 1 +' 5 j 

(e') p 1 ( 2 p+ 5) p < cp 1+ * 

1 

and also that = ||u> p || p / ,\ if T is a Young function, we have that 


1 

fvjp 


and consequently 
M, 


i < cp 

L(logL) s ,Q 


l ( fvjp ) < cp 1+ °Mx 


x 1 +s(p/ - 1 ) (lp'),q\\ w \\a (i+ 1 _ )p _ i+s (l),q 


L(IogL) a 

Using this estimate we have that 

[ M i (fwlX (m , x) 

J R n L(logL)s \ ) y L(logL)l + U 


A 1+aCp / _ 1} {Lp’ ) ( /) M l (log L) ( 1+ 1 )p- 1+5 


[W P . 


p— 1+<5 


1 -v' 
w 1 dx 


< 


cp 


( 1+ *)m 


x , Tp 'Af)M (,,i\ (w)p 1 \M (,,i\ , ,*w ) dx 

x 1 +s( P , -i)(L p )' j ' L{logL y+s)p- 1 +^ > j y L(io g L)( 1 + u p - 1+i J 


i-p' 


T+ 


i\p 


= ^cp 

Lemma 2.1 of [10] yields 


My (rp ^(f) p dx 

A l+S(p'-l)W ) w ’ 


M X 1 +s{p ,_ 1 ){ LP’)f{ X Y dx ) <C 


P~ 1 


|/f0«0<*r 


since 


A"i+5( P '-i)(t p ) dt 


(i + (p' 1 )i ) log(1 + (p '_ 1)j ) + 1 


p' 


tP' t 

and 0 < <5 < 1 allows us to write 

(l±YzM l0g(1 + (p -_ i W + _2_ 

Consequently we have that 


(p' - 1)<5 


< c 


P - 1 


M i (fwp 

L(log L) s ' 


< cp 

L p ' {v 1 ~ p ') 


1 + 


p _ 1 \ p' 


lp' (R n ). 
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This concludes the proof of (4.3). □ 

5. Proof of Theorem 2 

5.1. Case k — 1. 

Proof. By homogeneity we shall suppose that II^Hosc^^s = 1- We consider the Calderon- 
Zygmund decomposition of / at height A. That decomposition allows us to obtain a family 
of dyadic cubes {Qj} which are pairwise disjoint such that 

1 


A < 


IQ. 


I/I <2"A. 


j I J Qj 


Let us denote 


- - ~ [j Qj 


As usual, we write f = g + h where g, the “good” part of /, is defined as 

J f(x) x G Q c 

9( x ) = < , c n 

{fQj xeQj 

and verihes that \g(x)\ < 2 n X a.e. and h = h 3 where hj = (/ — /q.) XQj and /q, = 
|Wy Jg f(x)dx. We denote w*(x) = w(x)xytn\n(x) and Wj(x) = w(x)x^n\Q j where Qj = 
5 \fnQj and = (J ■ Qj. Using that decomposition we can write 

A 
2 
A 


w({xeR n : \[b,T\f{x)\ >A})<w(^er\0 : \[b,T]g(x)\ > - \ ) + w(0) 


+ wNxer\0 : \[b,T\h(x)\ > 

= I + 11 + III 

To end the proof we have to estimate 1,11 and III. Let us begin with I. If p > 0, 
Chebyschev’s inequality gives 


A 


2 P 


w l|ieR*\f!: MsMI > - j J < - J^\{b,T\g(x)\”w-(x)dx. 

Let us choose 1 + < p < 1 + y 5 — e — (l + A) (jp — 1). For that choice of p and 

5, is easy to check that 




{p'rv 


< c s ~ and 1 + - 1 p — 1 + 5 = - + e. 

' s J s 


Using now Theorem 1, we have that 
2 P 


A p 


| b, T]g(x)\ p w*(x)dx 


( \ V 

^-r~J / \g(x)\ p M , 1+ i\_ 1+5 w*(x)dx 

6 J J R „ LQogL)\ 


1 2 p 


1 1 


^ c 3-/ \9( x )\ PM L{logL) ^*( x ) dx < c ^R I \9( x )\ M u^r.^w*(x)dx 


< c 


£ 2 A P 
1 1 
£2 A 


£ 2 A 


L(log L) s 


iR n \n 


\fW\ M L(io S L) 1 s+M x ) dx + I \9( x )\M Tn _ r ,i +e w*(x)dx 


L(log L) s" 
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and it suffices to estimate last integral. Indeed, 


f \9( x )\ M L{logL) ±+e w *( x )dx<J2\f\Qi f M L(io g L)^ w iW dx 

«/ j j Qj 

£ c J l/fe)l% i inf j M L( , oEi , i+ . ro ,W 

J d 

= c-£j \m\MM_ 


< c / \f(y)\M 


L(log L ) s 


T(log L)~s +e 
+e w(y)dy. 


Wj(z)dy < c Y / \f(y)\ M H i OS L)^ w ^ d y 

i J Qj 


Summarizing, we obtain that 


I < c4 f YYm 


- £ 2 


A T(log L) a 


+£ 


w(y)dy. 


For II we have the following standard estimate 


II = w(Cl)<Y[ w(x)dx = Y \5y/nQj\ j_ [ 

a Jby/nQj ■ \o\fTUatj\ 


w(x)dx 


< 


< 


Y (V™)" \Qj\ Y Mw ( z ) < ( 5 V™)" Y\L f^ dy i n j. Mw ( z ) 


A 


' Qj 


(5 V^TY{ I Mw(y)f(y)dy<{5V^ n I ^ Mw{y)dy 


A 


Qj 


A 


To estimate III we split the operator as follows 


\b,T]h = J>,T]h, = £ (KT(Aj) - T(&fc,)) = £ (6- 6 Cj ) T(fc,) -£ T ((b- b Qi ) h,) . 


Then we continue with 


III < w G M n \fi : 

+ w f jx e R n \n : 
= A + B 


Y ( b ( x ) - b Qi) Th i( x 

j 

([!> - b Q,} h i) w 


> A 


> 
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To estimate A we use standard computations based on the smoothness property of the kernel 
K and the cancellation of each h~ 


u 3i 


A < T [ E _ \Thj{x)\w(x)dx 

A JR n \Q ■ 


J 

<TE/ \b{x)-b\w(x) \hj(y)\\K(x,y) - K(x,x Q .)\dydx 

A j Jmp\Qj J Qj 

-tE/ \ h i(y)\ \ K (x,y) - K(x,x Q .)\\b(x) - b Q .\wj(x)dxdy 

A j J Qj J9. n \Qj 

<t E [ \ h i(y)\ f . —-%TFrl b(x) - b Qj \wj(x)dxdy 

j ^ Qj JM ri \Qj |x j 

/» CXD « I _ 17 

- tE / E / |~— - 6Q J > i (x)da:d2/ 

A j •'Qj fc = i •' 2fc I(Qj)<|®-a:o J -|<2 fc + 1 i(Qj) |x — XQ j | 

5 {h lhMiy )%wk\ L Ql lKx) ~ bQ>i(x)dx 


We now fix one term of the sum. Using generalized Holder inequality, Lemma 1, we have 


_ O —*yk 

Era 


—' \2 k+1 Qj\ J 2 k+iQ. 


| b(x) - 


k =0 

9—7& 

sEsh 


|2 t+i e 3 i 


| 6 (x) — b 2 k+iQ.\wj(x)dx 


k =0 

00 o-7 fc 


E | 2 fc+iO I / - b Q> \Wj(x)dx 

k=0 \ Z Qj I J 2 k +!Qj 


< 


E 2_1 *H 6-6 2 * + 


fc=l 

CXD 


1 Q J llexpL s ,2 fc + 1 Qj| u; ill LlogL i :2 fc + iQ j . 


+ E 2 7fc (fc +l)||&||o SCe ^ s mf Mwj(z) 

k =1 2 

CXD 

< ^ 2-^||fo|| 0sw mf M iiogL i^(z) 

fc=i J 

CXD 

+ E2~ 7fc O + lJH&Ho*^. rnf Mwj(z) 

k =1 * 


^ ‘ il J^W E 2_7 ‘ + il Mw ^ z) E + !) 

\ fc=l fc=l 

< c inf M r , iWj(z) 

z£Qj L log Lb J ' 
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Consequently, 

A - C )Xf 0 ]hM]iy 

j ^ 

-jY.! M LlogL ^ w j)(y)\ h j(y)\ d y 

j JQ i 

-t([ \f(y)\ M Li OS L^ w i)(y) d y + Yl \ M L i og L^ w ^y)\fQMy] 

j J Qj / 

< j \f(y)\ M LlogL ±( w j)(y) dy + u f( y ) dy ™l M LlogLi K ){z) dy \ 
To end the proof we estimate B. Theorem 1.1 from [10] gives 


B = w* x E 
1 1 


£ T (h- fcd. hi) w 


> A 


< c 


£ A 


( 6 ( x ) - h Qj) h 3 


{x)M L{ i ogL y(w*)(x)dx 


< c ~jY 1 f \ b “ b Qj \ I /( x ) “ fQ j \M L(logL y{w j ){x)dx 
i ^ Qj 


11 


< c— Y1 }^. M L(iog Ly(wj)(z) ( I I b(x) - b Qj \ \f(x)\dx + / | 6 (x) - b Qj \ \f Q . \ dx 


= -(B, + B 2 ) 
e 


Qj 




For Bo 


B 2 = Y V inf / I&(x) - 6 Qj .| |/ Qj .| dx 

A ^ 2e( 3> JQj 

< ^ Y1 j^| / K®) _ b Qj\ dx J \f(y)\ M L(io g Lr(w j )(y)dx 

j J Qj Qj 

— \ ^ 11 ^ 11 Osc eX p]^s / l/(y)|A4(iogLy(Mh)(2/)cte 

A j J Qj 

< C J2 [ ^f^ M L(iogLr(w j )(y)dy 
f I f (X s ) I 

< c / ——^ M L (iog L) e w(x) dx. 

Jm. n A 
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For Bi we use the generalized Holder inequality Lemma 1 and we obtain 


Bi = - V' inf M L{XogLY {w j )(z) / I b(x) - b Qj I |/(x)| dx 

A L ' z£Qj l ^ 

j 


Qj 


( 12 ) 


< 


cV inf M L{logL) e( Wj )(z)- \Qj\ ||6||osc, 

zEQ- A 


lli(logL)5L,Qj 


ir rf M L(logL) e K)(^)TlQ 

' iSQ- A 


A 


L(log L) s ,<5j ' 


Now we see that 

(13) 


tollM' ]dx 

/i 




( a+ i 4 I 4 

< \ [ \f(x)\dx+ f $i(^^)dx<2[ $ 


A 


Qj 


Qj 


A 


* Qj 


A 


1 / 0 * 01 


dx. 


dx 


Consequently 


Hi < c V inf M^(i og iy(wj)(z) / <Li ( 

; ^ J Qj s \ 


1 / 0*01 

A 


dx 


< c 


£/ * 4 


1 / 0*01 


A 


M Li i ogL y{w j )(x)dx 


<C 


1 / 0*01 

A 


M Li i ogL) e{w){x)dx. 


□ 


5.2. Case fc > 1. 


Proof. Let us suppose that the desired inequality holds for l < k — 1 symbols. By homogeneity 
we may assume that ||b|| Osc expLn = ••• = 

decomposition with the same notation used in the case k — 1 we can write 


0sc ex P L s k = Using the Calderon-Zygmund 


w({xeR n : |Tg/(x)| > X}) <w (\x eR n \n : \T t g(x)\>^\) +w( O) 

A 


|!» xeff \0 : |Tg/i(x)| > 


= / + // + /// 


We consider now each term separately. To estimate / we use Chebyschev’s inequality for 
p > 1 that will be chosen appropriately, 


w 


xeR n \n : \T ig {x)\ > 


A 


op f 

< Yv / l^d(x)| p Mi*(x)dx. 
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Let us choose, as we did in the case k — 1, p such that 1 H— , £ ,, < p < 1 + —Or- and 
’ ’ F 3(i+i) v (i+I]2 

5 = e — (l + i) p. For this choice of p and 5 we have that 


(p’f +1)p p( 1+ ^) p ( 


~ ° S rfc+l 


5 / £ K ~ r± - \ s J s 


and ( 1 H— ) p — 1 + <5 = - + £ 


Using now theorem 1 and the choice of 5 and p we have that 


2 P 
A p 


\T^g(x)\ p w*(x)dx < c n (p'Y +1)p p 


!)V‘+ 1 > D (i+i)p ( All' ' 


l9(x)lrM I . M My»’ w ’ (x)dx 


12 p f 


w*(x)dx 


Arguing as in the case k — 1 we obtain that 


1 ~ ° n rk+l 


\m\ 


M, 


ir+e 


£ K ^ J R n A L(logL)s 

For II, as in the case k = 1, we have the following estimate 

f(y) 


w(y)dy. 


II < 3" 


A 


-Mw(y)dy 


It remains to estimate III. Following the computations of page 684 of [24] we can write 

T bf( x ) = OiO) - Ai)... (b k (x) - A k )Tf(x) 

+ (-l) k T((b 1 -\ 1 )...(b k -\ k )f) (x) 


(14) 


E V (-!)*-« ((,(.) - a) j■ (w 

i =1 aea(b) 


A) K(x,y)f{y)dy. 


i=1 creCi(6) 

Now we work on the last double summation. We observe that for each term we can write 
b(x) — A 

b(y)~X) .[l b ( x )-b(y)}+ b(y) — A ) K(x,y)f(y)dy 


b(y) - A K(x,y)f(y)dy 


tUt'=ct 




b(y)~ X) ,E E 00) -b{y)) T (b(y) K(x,y)f(y)dy 


3=0 TeCj(cr) 


E E 

1=0 rGCj(cr) * 

e e ooow 

1—0 rGCj(a) 


00 ) - %)) r %) - A A ' 0 > y)f(y)dy 

' ct'Ut' 




= T (((.,-A,)... (f> t -A t )/)(x)+£ £ T f (p-A)^/). 

1=1 T£Cj(c t) 
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Plugging this into the double summation of ( 14 ), since r U r' U a' = b we can write, 


fc-i 


E E (-D 

*=i creCiib ) 


k—i 



x)-\) / ( 6(2/) — a) Ix(x,y)f(y)dy 


k -1 


c fc T ((&! - Ai)... (6 fc - Afc)/) (x) + E E 

»=1 cr£Ci(b) 


where c CT is a constant that counts the number of repetitions of each Tg. Summarizing 


T bfi x ) = ih(x) - Ai)... (6 fc (x) - X k )Tf(x) 

+ c fc T ((6i - Ai)... (6 fc - A fc )/) (x) 

k -1 

+ £ £ ( (Vy) - (x) 

i =1 o-eCi(b) 


Using this for each hj and summing on /, 


£ T b h j( x ) = £(&i(*) - Ai)... (&fc(x) - A k)Thj(x) 
3 3 

+ £ CfcT ((&! - Ai)... (6fc - X k )hj) (x) 

3 

k-1 

+ E E c - T - (( fe - *) fa) 

3 i =1 creCi(b) 


Then we can estimate III as follows 


III < w G M n \fl : 

+ M7 f jy G M n \U : 

+ w ^|y e M n \U : 
= L\ + L2 + L3 


E 

3 

X>r ((ft, 


k -1 


EEE^(r l «< 

3 *=1 ffGCl 


fo fcfa) - (6fc) Q .J Thj(x) 
• • • (&fc - (6fc)g 3 .) fy) fa) 
hj ) fa) 


> 


fa 


fa 


05 | V 
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To estimate L\ we denote Wj = n \ 5 ^/nQ j w and B(x) = nf=i h( x ) — (^)q 


. Then 




/■. 

E ( 6l ( x ) - ( bl h) • 

.. (fefc(x) - (fefc) Q ) Thj(x) 

/R n \H 

j 

\ J / 


w(x)dx 


< E 7 f B ^ \Thj(x)\w(x)dx = 
• A JR n \Ci 


< 


E 


A 




B(x)w(x) 


'Q 


-St/ IMs/)I / 


n \b^/nQj 


\ h j(y)\\ K (x,y ) - /T(x,x Q J|(i|/J cte 


A standard computation using the smoothness condition of K yields that the latter is 
bounded by 


(15) 


E7/ 1^)1 S/ 


B(x)w j (x)^-—dxdy 

1 l(Qj)<\x—x Q .\<2 m + 1 l(Qj) IX-XQjl 


<J2~ X / 1^)1 E 

-7 ^ Qj m 


‘2~Bi r y 




B(x)wj(x)dxdy = 


Let us estimate the inner sum. We have that 

2 ~ w /7 r 


E 


( 2 ”W(Q,))“|< 2 „ +m .. 


B(x)wj(x)dx 


‘2—m r y 


“ E ( 2 ™+ii(Q J ))” L» + . Qj 


E 

m 

E 


IJ 6i(a:) - (&i) Q . ^(x)dx 

Z— 1 

k 

(2 m +l l{Qj)) n J 2 m + 1 Q n ( ^( X ) ~ (^)2" 1 + 1 Q j + (^)2 m + 1 Q J - _ ) W j( x )d • 


2 ~ zn7 


2~zn-7 


(2”>+‘((Q i ))» L„ Qj e e (n M 


1=0 (TgCf \*£cr 


l( 6 <) 2 -+iQ J - i “ ( 6 <)q 3 - ) 


VzEcr 


EE E nk* 


i)2 rn + 1 Qj 


{hi 


Qj 


m 1=0 aE.Ci(b ) \zGcr / 

^EE E fnII 6 


2~mj 


(2 m + 1 Z(Q j )) n J2 m + 1 Qj 


[ k(x) - ( 6 i) 


2 m +!Qj 


Wj(x)dx 


0 \i(zcr 


2~mj 


m 1=0 aeCi(b) \i£(r' 

Applying Corollary 2 we have that 

1 /■ 


1 J 2m+1Q 


[ 16i(x) - (6i) 


iJ2 rn + 1 Q j 


Wj(x)dx 


3 \zEcr 


[ k(x) - ( 6 , 


\zGcr 


( 2 -+ 1 /(Q J ))- ,/ 2m+lQj 

<c niNI^. -«-■ 1 inf M 


^i£a 


*llOsc ea!pI ,»i , -, e 2 m+i Qj . L(log L) 


, i)2 m + 1 Qj I Wj( x )dx 

Eie 1 K)(x) 
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Then for each y G Qj 


eh nMo»., 

m 1=0 cr£Ci(b) VzEcr' 

^ c E^E E (niNi- 

m 1=0 creCi(b) XsGcr' 




pLH ) (2 m+1 l{Q 3 )Y J 2m+ i Qj Xiea 


[ I bi(x) - ( bi) 


2 rn + 1 Q j 


Wj(x)dx 


expL r s 


J mi 6 


z||Osc i 






expL 


71 I z& 2 rn + 1 Qj L(logL) 


< 


CfeM L(logL)|(^)^) E ^ = CfcM L(lo g L)i(^)^)- 


Continuing the computation in (15) we have that by standard estimates, 

2 ~me r 


Ell~ \hM\T, 

j J ^3 m 

< jE f \ h M M , 

i J Qj 


{7^H{Qj)Y J\ X - XQ A<2m +H{Qj) 


B(x)wj(x)dxdy 


L(logL) s 


(' Wj){y)dy 


Cfc 


<-/ l/(?/)l^ L(logL) i ( w )(y)dy- 


A 


Summarizing 


Cfc 


Li<- j \f{y)\M LOosL) i(w)(y)dy. 


A 


* Qj 


We shall work now on L 2 . Theorem 1.1 from [10] gives 


L 2 = w\ < y e 


CkT (ft, - (6,) 0j ) ... (ft* - (b k ) Qj ) ftjj (x) 


> 


A 


< -- 

“ Ae 


E [( 6l ( x ) _ (Mg,) ■ ■ • ( 6fc ( x ) ~ ( & *)q,-) h i 


M L (i ogL )ew(x)dx 


< T- E / S ( x ) |/( x ) “ /qJ M L{logL) eWj(x)dx 

A£ i JQj 


- wE^q M L(iogLy^(z) ( I B(x)\f(x)\dx+ I B(x)\f Qj \dx 


Qj 


Qj 


T7 (E in ^ M L(iog LyWj(z) f B(x)\f(x)\dx + Y] inf Ml^^w^z) f B(x)\f Q .\dx 
A£ \ j z&Q i JQj j J Qj , 


— ~ (-^21 + L 2 2) 

£ 

We estimate first L 22 as follows 


^E^f %s L)eWj(z) j B(x)\f Qj \dx 
j 3 


Qj 




IQ. 


B(x)dx J [ / \f(x)\dx 


j I J Qj 


* Qj 
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Using Corrollary 2 with g — 1 and f t = |/y — (bi)Q j |, we obtain the following estimate 


(16) 

Then 


If m M 

—— / B(x)dx < cJI 6* - ( b - 
IVil ./Qj i=1 11 


exp L s i ,Qj 


< c\\b\\ = c. 


— inf M 

A zeQj 


L(lo S LyWj{Z) 


J 

c 


I Q. 


j I J Qj 


B(x)dx ) [ / \f(x)\dx 


' Qj 


< M UlogLh%(-) ( / 


Qj 


< 454 / |/(®)|Mx 1 (iogL)«iWj(x)dx 

A jQ,- 


c 

< - 

- A 


j J 

\f(x)\M L{logL) eWj(x)dx. 


Let us estimate now L 2 \. Using generalized Holder inequality (Lemma 1) similarly as we did 
in (12) 

L 21 = 4 54 illf M L{\ogLyWj(z) / B(x)\f(x)\dx 

A z£Qj J Q . 


< 




since ||6|| = 1. Also the same computation used in (13) based on properties of the Calderon- 
Zygmund cubes Qj yields 

\m\n 


Hence 


] L(logLp,Q j 


Lai - jT, s % M LO°*Ly' w i(*)\Q j \\\fl 

j 3 

< c54 inf M L(\ogLyWj{z)2 f $1 dx 

j JQj s V A / 

- 54 f M L(\o S LyWj(x)dx 

>i M L(]ogL) ew(x)dx. 

Putting L 2 1 and L 2 2 together we have that 


< c 

j J 

< c / $ 


L 2 < c- [ $1 M L( i ogL yw(x)dx 

£ J~On s \ A / 











28 


CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS 


To conclude the proof we are left with estimating L 3 as follows 


l 3 = w er\fi : 

< w [ < y e R" \ n : 


k -1 

E E ' 

i= 1 aeCi(b) 
k -1 

E E ■ 

*=i o-eCi(fe) 
k -1 


*=1 <reCi(b) 


+ w ^ jy er\u 

= L 31 + L 3 2 

To estimate L 31 we use the inductive hypothesis 



x 


> 


X 


> 


X 

12 


> 


A 

12 


L 


31 


= ic { y G R n \ Cl 


J 2 J 2 c ° Ts fe { b -fxQi) ( x ) 


*=1 creCi(b) 


> E 


fc -1 


<c‘E E “I 

i =1 o-eCi(b) 
fc -1 

^E E E 

*—1 cr£Ci(b) j 


£#a+1 J Qj $Eiea *« ^ 


Since we are assuming that ||6i||osc 
u C. b we have that ||cf|| = 1. Then, 


(I) > ^}) 

( 6 (x) - 6 q.) M ^ 

A V ^ ^ ^^7 L(logL ) 5 

— || 7 II Osc expL s 2 II ^fc II OsC ea . pi sj. 1 ) f° r eac h 


i +e (iUj)(x)dx 


fc -1 


c E E E 

*=1 CT eCi(6) j 
fc -1 

S c E E E 




£ #ff+1 J Qj Ei6a 


inf M 


A 


^—1 cr(zCi(b) j 

Let us consider now 


£* a+l z£Qj L(logL)^ i6CT 


l/(x)l (b(x) - b Qj ) a }j M (bgi)El 4 + >,7)^ 

i +£ WW | W X ) “ dx 


K\t) = 


log(e + 1) 1 


(*) = log(l + i)«. 


Then 


i£cr 


log(e + t) Es i 




i < 


log(e + 1) 




«• s- 


and also we know that 


$«(*) ^ t (l + log + 1) u , (p v (t) = e e - 1. 
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Taking that into account, Lemma 2 gives 

' 1 / 0*01 


$ 


Qj 


(17) 


< / 4> 

J Qj 

< f 

J Qj 


W)-b Qi ) a ,)dx 

1 / 0*01 


A 


i£a “ Qj 


+ E / ( eX P ( b i ( X ) ~ ( b i) 


'Qj 


— 1 ) dx 


f\JM\ dx+c Y,\Q,m\\e* r i,-.,Q, 


< / 

jQj ‘ 

< f $1 

JQj ‘ 


A 

1 / 0*01 

A 

1 / 0*01 


zEcr 


dx + c E IQ. 


jlll^llOsc, 


expL b i 


11 ^7 11 OsC eX p2j s i 1 


zGcr 


<c k $1 

JQj a 


A 

1 / 0*01 

A 


dx + ck\Qj\ 
dx. 


In the last step we used properties of the Calderon-Zygmund cubes. 
Plugging now that estimate, 

fc-i 


c EEE 

»= 1 creGf J 
fc -1 


1 


inf M 


£ #cr+1 zeQj L(logL) 


E E 


inf M 


w J Qt i (nr I 4 ! 1 ) - 6 «X) * 

i/o*or 


i=i o-ecj" j 


£#o-+! zgQ,, L(logL) Xi6CT ' s i 


l +e K)(Q / $1 


G.y 


A 


dx 


< Ck—r'S^ inf M rn l, ( Wj)(z) f <hi 

- K £ kA^ z& Q L(\ogL)s+^ > 7 

j ^ 


\f( x )\ 


A 


dx 


L(l aS L)i+'M( X W} 


dx 


£ ./i 


K)(x)$i 


1 / 0*01 

A 


dx 


L(log L) s ”*" e 

For L 32 arguing in the same way we have that 

1 x f 

E 2 < Cfc—r inf M r ,i +£ ru ? -(£) / dv j_ 

E—11 Z-^ z£ q. L(\ogL) s j Eigo-' Sf 

i=i aecf 3 JQj 

The same computation used to obtain (17) yields 

I fQj 


I fQj I 


A 


( 6 (x) - b Qj )^j dx 




Qj 


Eie<r' 71 0 A 
Now we see that using Jensen’s inequality, 

I fQj 




Qj 


0 b ( X )~ b Qj ) ff ) dX ~ f Q ( 
I / I Qj 


I fQj 


dx + cfc|< 5 j 


A 


< IQi 


IQ. 


$ 


dx < | Q, Idu 

s 

1 / 0*01 


A 


j I J Qj 


A 


dx = / 

JQj 1 


1 / 0*01 

A 


dx. 
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Hence 



dx + ck\Qj 


and we finish the estimate arguing as we did for L 31 . 


□ 
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